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Thus when 8 = 0, each ¢, = 0; so S is an independent set. ||

1<k < m.

Corollary. If a vector 8 is a lnear combination of an orthogonal

sequence of nmom-zero veclors o, . .., am, then B s the particular linear
combination
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This corollary follows from the proof of the theorem. There 1s another
corollary which although obvious, should be mentioned. If {oy,. .., an}
is an orthogonal set of non-zero vectors in a finite-dimensional inner
product space V, then m < dim V. This says that the number of mutually
orthogonal directions in V eannot exceed the algebraically defined dimen-
sion of V. The maximum number of mutually orthogonal directions in V
is what one would intuitively regard as the geometric dimension of V,
and we have just seen that this is not greater than the algebraic dimension.
The fact that these two dimensions are equal is a particular corollary of
the next result.

Theorem 3. Let V be an inner product space and let Bi, . .., Bn be
any independent vectors in V. Then one may construct orthogonal vectors
@, . .., aqtn V such that for each k = 1,2,. .., n the set

{al, ey ak}
18 a basts for the subspace spanned by B, . . ., Bk

Proof. The vectors a4, . . ., a, will be obtained by means of a
construction known as the Gram-Schmidt orthogonalization process.
First let oy = B1. The other vectors are then given inductively as follows:

Suppose ai, . . ., an (1 < m < n) have been chosen so that for every &
{al,...,ak}, lﬁkSm
is an orthogonal basis for the subspace of V that is spanned by 84, . . ., B
To construct the next vector a,, let
(Bmyilar)

-9 mtl = Bme1 — .
(8-9) Qi1 = Bmit kz_:l Toall?
Then on # 0. For otherwise 8,11 is a linear combination of s, . . ., om
and hence a linear combination of 8y, . . ., Bn. Furthermore, f 1 < 7 < m,
then

/3m+1| k) o
k=1 ” ”2 (kl J)

= (Bus|a)) = (Bmyi|a;)
= 0.

(anyi|ey) = (Buplay) —



